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I1. Memoir on the Theory of the Partitions of Numbers.—Part 111
By P. A. MacMawuowN, Major R.A., Se.D., F.R.S.
Received November 21,—Read December 8, 1904.

SiNce Part II. of the Memoir appeared in November, 1898, the following papers by
the author, bearing upon the Partition of Numbers, have been published :—

‘“ Partitions of Numbers whose Graphs possess Symmetry,” ¢ Cambridge Phil.
Trans.,” vol. XVIL., Part IL ; :

“ Application of the Partition Analysis to the Study of the Properties of any
System of Consecutive Integers,” ¢ Cambridge Phil. Trans.,” vol. XVIIL ;

“The Diophantine Inequality Az = py,” ¢ Cambridge Phil. Trans.,” vol. XIX.

“ Combinatorial Analysis. The Foundations of a New Theory,” ¢Phil. Trans.
Roy. Soc. London,” A, vol. 194, 1900.

In the present Part IIL. I consider problems of “ Arithmetic of Position.” In
particular, I define a “ general magic square” composed of integers and show that for a
given order of square it is possible to construct a syzygetic theory. Such a theory is
worked out in detail for the order 3 as an illustration. I further discuss the problem
of the enumeration of the squares of given order associated with a given sum. I show
that there is no difficulty in constructing a generating function for such squares even
when the construction is specified in detail, and I obtain an analytical expression for
the number when the sum, associated with rows, columns and diagonals, is unity
or two.

§ 9.

Art. 124. A “general magic square” I take to consist of n? integers arranged in a
square in such wise that the rows, columns and diagonals contain partitions of the
same number, zero and repetitions of the same integer being permissible among the
integers. ‘

An ordinary magic square I define to be a general magic square in which the »?
integers are restricted to be the first #* integers of the natural succession.

We may regard general magic squares as numerical magnitudes. To-add two such
magnitudes we add together the numbers in corresponding positions to form a

VOL. CCV.—A 388. ~ 30.6.05
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38 MAJOR P. A. MACMAHON: MEMOIR ON THE

magnitude which is obviously also a general magic square. We can, therefore, form
a linear function of magnitudes of the same order, n, the coeflicients being positive
integers, and such linear functions will denote a general magic square.

The magnitudes, of the same given order, can be taken as the elements of a linear
algebra, and since arithmetical addition can be made to depend upon algebraical
multiplication, the properties of the magnitudes can be investigated by means of a
non-linear algebra. ‘

Art. 125. The properties of a general magic square can be exhibited by means of
homogeneous linear Diophantine equations, and it thence immediately follows that
there must be a syzygetic theory of such formations. There exists a finite number of
ground forms, corresponding to the ground solutions of the equations, and the method
of investigation determines these and the syzygies which connect them.

Generally speaking, there is a syzygetic theory associated with every system of
linear homogeneous Diophantine equalities or inequalities, and it is because invariant
theories depend upon such systems that they are connected with syzygetic theories.

Art. 126. The method of investigation about to be given applies not only to magic
squares of different kinds but to all arrangements of integers, which are defined by
homogeneous linear Diophantine equalities or inequalities, whose properties persist
after addition of corresponding numbers.

For example, the partitions of all numbers into 7, or fewer parts, are defined by the
linear homogeneous Diophantine inequalities

alz a2?..(l3... Eam

8121822183“'23m

o=t Rz + By =0, + B,

and if another solution be

we have

and since the property persists after addition, a syzygetic theory results.

This is one of the simplest cases that could be adduced and is at the same time the
true basis of the Theory of Partitions.

Many instances of configurations of integers in plano or in solido will occur to the
mind as having been subjects of contemplation by mathematicians and others from
the earliest times. These when defined by properties which persist after addition of
corresponding parts fall under the present theory. ~

Art. 127. There is no general magic square of the order 2 except the trivial case

la «a . .
, but we may consider squares of order 2 in which the row and column

o a
properties, but not the diagonal properties, are in evidence.
Let such a square be

l“l ay |
‘ 2

| O3 Oy |
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THEORY OF THE PARTITIONS OF NUMBERS. 39
which must clearly have the form
‘ oy Oy
la, o ’

and we may associate with it the Diophantine equation
OL1+(X.2 = 0L5

and regard oy, o, and o, as the unknowns,
The syzygetic theory is obtained by forming the sum

X, XX

for all solutions of the equation, and the result is

1

o

= 1
1—(X/X1 . 1 _"aX2 . 1 - '(;Xg,-

where « is an auxiliary quantity and the meaning of the prefixed symbol Q is that

after expansion of the algebraic fraction in ascending powers of X, X,, X; we are to
retain those terms only which are free from «.
The expression clearly has the value

1
1 —X1X5 . 1 _X2X5

The denominator factors denote the ground solutions

o oy \ o

2
1 0 ' 1
0 1| 1

and the absence of numerator terms shows that there are no syzygies.
Thus the fundamental squares are

H

¥

O' 0
L

and this is otherwise evident. The case is trivial and is introduced only for the
orderly presentation of the subject.
Art. 128. Passing on to the general magic squares of order 3 we have the square

o Oy O3
oAy 05 O
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40 :MAJOR P. A. MACMAHON: MEMOIR ON THE

defined by the eight Diophantine equations

oyt oytag = ay, Oy + 05+ 0ty = Oy,
oyt oo = oy, o3+ o+ oy = oy,
o togtog = oy, o+ o5+ o = oy,
O+ 0y + 0y = oy, ozt o+ oy = o4y,

We require all values of the quantities « which satisfy these equations.
To form the sum
S XX X e X X X g X X g% X g X )™,

for all solutions, introduce the auxiliary quantities
a, by ¢, d, e, f, g, h

in agsociation with the successive Diophantine equations. The sum in question may

be written
1

= [- (1—adgX,) (1 —aeX,) (1—afhXs) (1-bdX,) (1 —beghX;) |~

zL(l = Xe) (1= cdlX) (1=eeXe) (1=efyXo) (1- c%%fﬁ>

where after expansion we retain that portion only which is free from the auxiliaries.
Remarking that

1 1
2 (1-—00131) (1-—-06].)2) (1_(1]_)3) <1 _ ];)_4> - (1—-P1P4) (1—P2P4) (1 —P3P4),

we eliminate the auxiliar ¢ and obtain

1

_X1X10> < _ XQX.IQ X3X10>
<1 beefh ! bcdfgh> (1 bedeg (1=bdX,)

(1=beghXs) (1=0fXs) (1 —cdhX;) (1 —ceXs) (1—cfyXs)

Q

Put now bd = A, be = B, bf = C, ¢d = D, and we obtain

1

0 ,
= < _AX Xy, < _X2X10>< XX10> ]

|\ ‘BCDh) L= 0Dgh) 1By ) AR |

(

|

)

| (1=BgiX) (1-CX,) (1-DIX) (1 _

BDX8> <1 CDgX>
A

an artifice which reduces the number of auxiliars to be eliminated by unity.
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THEORY OF THE PARTITIONS OF NUMBERS. 41

Remarking that
1
0
= /o1 1
(1—aP,) (1—aP,) \1 - P3> <1 - P4)
_ 1-P,P,P,P,
(1-P,P;) (1—P,P,) (1—P,P;) (1-P,P,)

= 1 + P1P3 .
(1=P,P)(1—DP,P,) (1—P,P) © (1—P,P,) (1—P,P;) (1—P,Py)

We eliminate A and find

1
0
- _ __ 1
( 1-Z-X Xng) (1=BDX,X;) (1 —CDgX,X,) (1 Do XX> L
_ i
" Oh X, XXy |
~ _9 _ 1 > )
l ( XXX, < XX Xm>(1 BDX4X8)< a7 XK L
l \ (1—=BghX,) (1—CX,) (1= DAX;) )l

Eliminating B from the first fraction and C from the second, we have

1

h )

(1-CDgX.X,) (1—th7)< OD - XX ( -k XX Xw> L
l
J

(
l
jt (1-0%,) (1-g"X, X, X Xao) (1 -2 XXXX>

90X, X XXX

Itb

l( (1 _Pxx, XsXX> (1—CDgX,X,) (1—-DhXy) < OD h X2X“’> }%

1
t (1-CXy) (L—g"%: XX Xuo) ( 1 é X3X4X8Xm>

J
1% XXX
7; 14344384210
T ' T
(1—BDX4XB)(1—thX5)< Dgh 1°><1“’1§7LX Xng> L
( ; BD ) (1-DiX,) <1—-_XXXX10> )l
VOL. CCV.—A. G
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42 MAJOR P. A. MACMAHON: MEMOIR ON THE

From the first fraction eliminate C, from the second C, and from the third B,
obtaining
1

0
[ (1-DAX,) (1 _ ﬁ X2X6Xm> <1 - ]’% XXX

(1—¢*X,X;XcXu) <1- %} X3X4X8Xm> '1—%X2X4X9Xm> J

IPX,X XXX
9]D XX X8X9X10> (

b

- (a- DhX)<

B

\

1
Dg h X2X6X10>

]
[y 1 1 {L
(1 X XXXu) (1- §X3X4X8Xm> (1- XX XXo) |

L X XXX (19X, X X XX XX, )

h .
(- ~DIX,) (1- 9}? X1X4X8X9Xm> <1— D;kxgxsxw) ‘L

R

Eliminating D from each of the three fractions, we obtain

(1 . I XXX > (1— X, XX, X0) (1 ~1x.x, X8X10> < X XXX J

1
Q [ (1- g% X XoX0) <1 - é X2X6X7Xw> <1 - ; X3X4X8Xm> 1
| 1 (1= WX, X X Xa0) <1 _ %X2X4X9Xw> J(
EXXX XX XX
+0 [ (1— "X, XX X10) <1 — 1X2X6X7Xm> <1 _ $X3X4X8X10> ]L
1 (1- FXXXX) (1- B XXX KX J(

LXX XX (1= X XXX XXX XXX )

27 1 1
l (]. “‘g2X1X5X9X10) <1 - ‘5 X2X6X_7X10> <1 - X3X4X8X10>
3

{ (1 —h2X3X5X7X10) <1 - %X1X6X8X10> < 7L—2X1X2X4X6X8X9X102)
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THEORY OF THE PARTITIONS OF NUMBERS. 43

Art. 129. Before proceeding to eliminate g and %, observe that if we now put
9 =h=1, we obtain the generating function for the solutions of the first six of the
Diophantine equations corresponding to the squares which possess row and column
but not diagonal properties.

Putting g = h = 1, the generating function reduces to

]. —_ X1X2X3X4X5X6X7X8X9X103
{ (1 =X XX Xyo) (1= X3 XX X) (1 — XX XX yo) } ’

(1 =X XXX ) (1= XX X Xo) (1= XXX Xy)

indicating ground forms

X, XXX, X XXX,
XIXGXBXI(” X3X4X8X10)
XX XX, XX X Xao

connected by the ground syzygy
X1X5X9X10 . X2X6X7X1o . X3X4X8X10 = X1X6X3X10 XX XX, . X3X5X7X10’

corresponding to the tundamental squares

1 0 0 0 1 0 0

01 0 0 0

0 0 1 1 00 0
0 0 1 0 10 0
0 0 0 1 10

connected by the fundamental syzygy

1 0 0 1
0 1 0
0 0 1
1 0
0

This is the complete syzygetic theory of these particular squares of order 3.

each side being equal to

1 1
1 1
1 1

G 2
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44 MAJOR P. A. MAcMAHON: MEMOIR ON THE

Art. 130. Resuming the discussion, we proceed to eliminate g and A and remark
that the second fraction may be omitted as contributing no term free from A.
Eliminating ¢ from the first and ¢ from the third, we have

14+ X XXX XX X X XX

2 T XK XK X)) (=X X 2K, KKK X
(1-PX XX X) (1 X2X4X9Xm>
% XIXGXSXIO (1 —Xl2X22X32X42X52X62X72X82X92X106)
+0

= (=X XX XXX X (1= XXX XX XX

(1= 12X, X, XoXo) <1 -1 X, X, XX, (1- 1 X XXX XXX,
Art. 181. If the diagonal property associated with ¢ is alone to be satisfied in
addition to the row and column properties we may put ~=1. Observe that the
second of the three fractions cannot now be omitted. Simplifying we obtain

1 _ }(-12)§2Z}<-'32}§42}152}(62}(72){82}(92}(1O(i .
{ ( 1 - X1X6X8X10) (]. - X2X4X9X10) ( 1 - X3X5X7X10> }

(1= X, X2X X 2K XX ) (11— X XX XXX X, )

Establishing the five ground products
XIXBXSXIO)
XX X Xao,
X3X5X7X10)
XXX XX X X,
XXX XX X X'
connected by the ground syzygy
(X1X6X8X10)2 (X2X4X9X10)2 (X3X5X7X10)2
= (X1X22X5X62X72X9X103) (X1X32X42X5X82X9X103)

corresponding to the fundamental squares

1 0 0 0 1 0 0 0 1
0 0 1 1 0 0 0 1 0
01 0 0 0 1 1 0 0

1 2 0 1 0 2

0 1 2 2 1 0

2 0 1 0 2 1
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THEORY OF THE PARTITIONS OF NUMBERS. 45

connected by the fundamental syzygy

1 0 0 01 0 0 0 1
2 001 42 1 0 0 42 0 1 0
01 0 0 0 1 1 0 0
1 2 0 1 0 2
=0 1 + 2 1 0,
2 1 0 2 1

involving the complete theory of the squares in which the property of one chosen
diagonal is excluded.
Art. 132. Resuming and finally eliminating 4, we obtain

14+ X XXX X X X X X Xy
XXX (1 - XXX P XXX ) (1 KK X AKX XK

{ (1-X XX XXX X) (1= XX XX XXX, } |

(1—XPXX XX XX %) (1 — X XXX X X X X X0 X0%)

+

which may be written

(1—X,7X2X2X XXX X XK ) .
{ XK XK (- KX KX KX ) (- XX XK XK } |

( 1 - X22X3X42X5X7X92X103) ( ]. - X1X2X3X4X5X6X7X8X9X103)

indicating the ground products
X, XX XX "X X
X XXX X" X6 X,
XX X X X XX
XXX XX XX,
X XXX X X X X X X
connected by the fundamental syzygies
(XXX XX X Xyo") (XXX XX X Xyo7)
= (X XX X X, X7 X0') (XXX XX X X yo?)
= (X, XX X X X X X X Xy')

corresponding to the fundamental general magic squares
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46 MAJOR P. A. MAcMAHON: MEMOIR ON THE
1 2 1 0 2 2 0 1 0 2 1
0 1 2 2 1 0 1 2 1 0
2 0 0 2 1 2 1 0 2
1 1 1
1 1 1
L1 1
connected by the fundamental syzygies
1 2 0 1 0 2 1 1 1 0 1 0 2 1
01 2 + 21 0 =2 111 = 1-2 4+ 2 1 0O
2 0 1 0 2 1 1 1 1 2 0 1 0 2

Art. 133. If the sum of each row, column, and diagonal be 37, the number of
general magic squares of order 3 that can be constructed is, from the generating
function, the coefficient of #* in the expansion of

(L—a®)? (1 =),
and this is found to be :
n*+ (n+1).

Art. 134. The ordinary magic squares, the component integers being 0, 1, 2, 3, 4,
5, 6, 7, 8, are eight in number and are easily found to be

1 2 0 2 0 1 7 2 3
01 2 43 0 1 2 = 0 4 8,
2 0 1 2 0 5 6 1
and seven others obtained from
1 2 2 0 1 1 2 2 1 2 0 2 1
30 1 2 + O 2, +32 1 0, 30 1 2 + 2 0,
2 0 1 2 0 0 0 0 1 0
0o 2 2 0 0 0 0 2 0 2
0 +30 1 , 3 + 0 , p 0 +32 1 s
2 1 1 2 2 1 2 2 1 1 0 2
2 1 0o 2 1
32 1 0 4+ 2 1 0.
0 2 1 0 2

Art. 135. There is no theoretical difficulty in proceeding to investigate the squares
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THEORY OF THE PARTITIONS OF NUMBERS. 47

of higher orders, but even in the case of order 4 there is practical difficulty in
handling the Q generating function. There are 20 fundamental squares, viz. :—

1 0 0 0 1 0 0 0 01 0 0 01 0 0
0 0 1 0 0 0 0 1 0 0 1 0 0 0 0 1
0 0 0 1 01 0 0 1 0 0 0 0 0 1 0
01 0 0 0 0 1 0 0 0 0 1 1 0 0 0
00 1 0 0 0 1 0 0 0 0 1 0 0 0 1
1 0 0 0 01 0 0 1 0 0 0 01 0 0
01 0 0 0 0 0 1 0 0 1 0 L 0 0 0
0 0 0 1 1 0 0 0 01 0 0 0 0 1 0
1 1 0 0 1 01 0 01 0 1 0 0 1 1
1 0 1 0 0 0 1 1 1 1 0 0 01 0 1
01 0 1 1 1 0 0 0 0 1 1 1 01 0
0 0 1 1 01 0 1 1 01 0 1 1.0 0
0 2 0 0 0 0 2 0 1 0 1 0 1 1 0 0
1 0 1 0 01 0 1 0 0 0 2 01 1 0
00 1 1 1 1 0 0 01 1 0 0 0 0 2
1 0 0 1 1 0 0 1 1 1 0 0 1 0 1 0
1 0 0 1 1 0 0 1 0 0 1 1 01 0 1
1 1 0 0 00 1 1 01 1 0 2 0 0 0
01 0 1 1 01 0 2 0 0 0 01 1 0
00 2 0 0 2 0 0 0 1 0 1 0 0 1 1
§ 10.

Art. 136. The direct enumeration of general magic squares of given order and sum
of row.
Let A, denote the sum of all the homogeneous products w together of the

magnitudes .
Oy, Olgyensllyy, Oy

If ’, be raised to the power n and developed, the coefficient of
(0‘-1“2“3- Oy Xy, N

is the number of squares that can be formed of order n, so that the sum of each row
and column is w, but in which there is no diagonal property in evidence.*

* ¢« Combinatorial Analysis—The Foundations of a New Theory,” ¢ Phil. Trans.,” A, vol. 194, 1900,
p. 369 et seq. ‘ '
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48 MAJOR P. A. MAcCMAHON: MEMOIR ON THE

In fact, if
(x—oy) (x—ag)... (x—a,) = Z'—p@" 7+ ...+ (= )'Pn
and
w! D, = (0, + P10+ ... +P,-10,.)"
an operator of order w obtained by raising the linear operator to the power w
symbolically as in TAvLOr’s theorem, then the number in question is concisely
expressed by the formula
D",
a particular case of a general formula given by the author (loc. cit.).
Art. 187. To introduce the diagonal properties, proceed as follows :—
Let 4, denote what %, becomes when \a,, pa,_.., are written for a, o,
respectively, and form the product 4,4,... A"
I say that the coefficient of
(Apayay...0,)”
in the development of this product is the number of general magic squares of order n
corresponding to the sum w.
To see how this is take n = 4, w = 1, and form a product

(Naty + ap+ 05+ pat,)
X (o + Mot + o+ oz,
X (0t + pag+ Ao+ oty
X (ot + ot + 003+ Nexy ),
and observe that, in picking out the terms
Ajuo oa0u500,

one factor must be taken every time from each row, column and diagonal ot the
matrix. A
Similarly, if » = 2, we form the product
INay? + Mgy + ploe” + (Mo + pay) (et + o) + 005 + g+ o5’
x { N0ty + MNoegors + plos® + (Notg+ proeg) (o + o) + or” + oy + 0}
x { N0t + Aporsorg + ploes’ + (Notg+ poeg) (o + o) + 00 + gy + 2’}
x { Mo+ Mooy + poon® + (Natg + pon ) (004 otg) + o’ + o0+ 5% |

In forming the term involving
)\2;1.2&120(220(32&42

regard the successive products as corresponding to the successive rows of the square,
the suffix of the a as denoting the column, and N, p as corresponding to the
diagonals.

Thus picking out the factors

2,2
Nay®, O30y,  JLO0L, GOz,
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THEORY OF THE PARTITIONS OF NUMBERS. 49

we obtain the corresponding square

2 0 0 0
0 0 1 1
01 0 1
011 0

These examples are sufficient to establish the validity of the theorem.

Art. 138. If we wish to make any restriction in regard to the numbers that appear
in the ™ row, we have merely to strike out certain terms from the function

7.

E.g., if no number is to exceed ¢, we have merely to strike out all terms involving
exponents which exceed ¢.

If the rows are to be drawn from certain specified partitions of w, we have merely
to strike out from the functions

h®, b, B, ®
all terms whose exponents do not involve these partitions.

We have thus unlimited scope for particularising and specially defining the squares
to be enumerated.

Let us now consider the enumeration of the fundamental squares of order 7, such
that the sum of each row, column and diagonal is unity. Observe that if the
diagonal properties are not essential the number is obviously # !

Art. 139. Tt is convenient to consider a more general problem and then to deduce
what we require at the moment as a particular case. I propose to determine the
number of squares of given order which have one unit in each row and in each column,
and specified numbers of units in the two diagonals.

Consider an even order 2n, and form the product

(Aoy+ o+ ot oo A 0y gt O+ iy,
X (0(.1 + Aoyt ot ...+ Obgp—g -+ WOlgy 1+ agn)
X (014 05+ Notg+ ..o + ptg, g+ Oy + 0tg,)

X (o4 oy pog+ ...+ Notg, g+ O,y + t,)
X (o + potg+ otz + oo+ g+ Ntg,— + 04,
X (ot + 0y gt oo+ Oy g+ Naty,).
We require the complete coefficient of
0 0Lg0Lg. . - Oy, _5Ooy_10lg,s
when the multiplication has been performed.

Writing

So = s,
VOL. CCV.—A, H
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the product is, takihg the ¢ and 2n+1—t™ factors together,
{s+(A=1) o+ (p—1) @} {s+(u—1) e+ (A=1) a5}
x {s+(A=1) aat(u—1) g a} {8+(u—1) #a+(A=1) a1 }
x{s+(A=1) ag+(p—1) s} {8+ (n—1) s+ (A—1) a5}

x{s+(A=1) o, +(p—1) apua} {8+ (p—1) o, +(A=1) a1 }.
Observing that we only require terms which involve the quantities « with unit
exponents, the product of the first two complementary factors is effectively

SH+A+p—2) (m+az) s+ {(A=1)+(p—1)} a0,

and the complete product

t

=

1 [+ (A+p—2) (@t ozunae) s+ {A— 1+ (= 1) }ozna1- ]

t

has, on development, the form
82n+A182n—~1+A282n—2+ . +A2m

where A,, is a linear function of products of the quantities «, each term of which
contains m different factors «, each with the exponent unity.
Since, moreover, ™ gives rise to the term

m ! 20‘10‘2' Oy,

it follows that the coefficient of Saye,...a, in the product is obtained by putting each
quantity « equal to unity and s" = m!
Hence, if s" = m! symbolically, the symbolic expression of the coefficient is

(542 (e 2) 5+ (= 1)+ (= 1P,
or
{f—4s+2+2 (M+p) (s—1)+ N+ p*}",
or writing
P—ds+2 =0y s—1=o0y

{oa+2 (M +p) o+ N+ p}n

This is the complete solution of the problem for an even order 2n.
For an uneven order 2n+1, it is now evident that the symbolical expression of the

coefficient of
Oy 0Lge e Olgyty

is
{0'2+2 (A"l"ll/) 0_1+)\2+,L2}n (0'1+)\l1/),

the complete solution in respect of the uneven order 2n-+1.
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Art. 140. To find the number of ground “ general magic squares” corresponding to
the sum unity, we have merely to pick out the coefficient of A ; we thus find

. n -
even order 27 number is 8 <2> s s

. n -
uneven order 27+ 1 number is 8 <2> o Yo+ oy,

wherein it must be remembered that the o products are to be expanded in powers
of s and then s™ put equal to m !
In the general results the coefficient of
Al,l;m
gives the number of squares in which the row and column sums are unity and the
dexter and sinister diagonals’ sums are I, m respectively.
I give the following table of values of simple o products :—

o -
ay’ oy ] IVWW_m*MO
oy’ 0107 v 2 0
ot alo, oy 9 4 4
T olo, 009 44 24 16
oyd oo, oi’o,? o3 265 168 116 80
ay g’y ooy’ o0y 1854 1280 920 672

The numbers ay” = (s—1)? denote the number of permutations of p letters in which
each letter is displaced and constitute a well-known series.

- The remaining numbers are readily calculated from these by the formula
ooy = 0'1“20'24_1-20'1”“0'34“1-—0’1”0‘29—1.
Art. 141, Another solution of the same problem yielding a more detailed result is
now given.
For the even order 2x I directly determine the coefficient of

1
)\- fl;malag. Oy,

in the product above set forth.
H 2
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We have to pick out I N's and m p’s and to find the associated factors, 2n—I—m in
number, which are linear functions of the quantities a.

In any such selection of I Ns and m w's there will be ¢ pairs of N's symmetrical
about the sinister diagonals and j pairs of w's symmetrical about the dexter diagonals,
and the associated factors will depend upon the numerical values of ¢ and j.

Consider then in the first place the number of ways of selecting { N's in such wise
that ¢ pairs are symmetrical about the sinister dlagona,ls

This number is readily found to be

()

With these / N's we cannot associate any u which is either in the same row or in
the same column as one of the selected \’s.

Each of the 7 symmetrical pasrs of N's in this-way accounts for 2 w's, and each of
the {—2¢ remaining \'s accounts for 2 u's.

Thus we must select m w's out of 2n—20—2(I—2¢) w's, t.e.,, m ws out of
2n—21+21 w's.

We may select these so as to involve 7 pairs symmetrical about the dexter

—l+ I+ =3
<n J z><nm ;J]>2 ¥ ways.

diagonals in

This number is obtained by writing in the first formula n—/+4, j and m for
n, ¢ and [ respectively,

and observe that we may do this because the selection of a symmetrical pair of X's or
of one of the remaining \'s results in the rejection of a pair of w's which is
symmetrical about the dexter diagonals.

Consequently the 2n—20+2¢ possible places for the m ws are also symmetrically
arranged about the dexter diagonal. Hence the formula is valid.

We have established at this point that we may pick out [ XNs involving ¢
symmetrical pairs and m u’s involving j symmetrical pairs in

n . (m—l+2\ [n—1+2 j> i
(><l 2@>222 < J >< m—gj )2 WAy

We must now determine the nature of the 2n—Il—m associated factors, linear

functions, of the quantities a.
In the matrix of the product delete the rows and columns which contain selected

Ns and w's. We thus delete [+m rows and /+m columns.
Consider the 2n—[—m remaining rows. There remain in these rows at most

2n¥l—m

elements o, because [+m columns have been deleted, but some of these elements
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THEORY OF THE PARTITIONS OF NUMBERS. 53

must be rejected if they involve N or p as coefficients, because by hypothesis we are
only concerned with / N's and m u’s, and these have already been accounted for.

Observe now that the columns which contain a symmetrical selected pair of Ns
only contain p’s which are in the same rows as these N’s, and therefore the deletion of
these columns cannot delete w’s appertaining to any rows except those occupied by
the selected pair of Ns. Observe further that the column which contains an
unsymmetrical A, say in the p™ row, contains a p in the 2n—p+1"™ row, and that
therefore the disappearance of a p in the 2n—p+1* row follows from the deletion of
a column containing an unsymmetrical X in the p** row.

Hence of the 2n—I—m rows in question

l+m—21—27 rows contain 2n—l—m—1, a elements,
and thence
2n—20—2m+ 20+ 2) rows contain 2n—l—m—2, a elements.

Accordingly if s is the sum of all the & elements except those which appear as
coefficients of the selected N's and w’s the co-factor of

(e (e
contains [+m—2¢—2j factors of type
(s—o,),
and 2n—2]—2m+ 21+ 2j factors of type
(s—o,—a,),
or of n—l—m+1i+j squared factors of type
(s—a,—a,),

since these factors occur in equal pairs.
Hence the co-factor is
I (s—e,) I (s—o,—ot,,)’,
wherein the quantities e, {+m—2¢—2j in number, which appear in the first product,
and the quantities e,, a,,, 2n—2l—2m+2:+2j in number, which appear in the second
product, are all different.

Also (s—a,—a,) is effectively equal to
=2 (o, +a,) s+ 20,0,
since squares of the &’s may be rejected.

Hence, by the reasoning employed in the first solution we may put the quantities
a equal to unity, regard s” as equal to p ! symbolically, and say that the coefficient of
0L0ly. .. 0,

in the product :
O(s—e,)I{s’—2(0,+,)s+ 20,0, }
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has the symbolical expression

(S"" 1)l+m—2i—-2j (82_4S+2)7L—l—m+i+j,
or, putting
s—1 =0y, —45+2 = o,

<'n/> <Z7/"‘2?/> 2l 2 <n"—jl+ Z) <n';;fi';7 ]) 27)1,—210. l+m-21,-2]0. n—l—m+i+j

for the number of squares such that—

we obtain

(1) Sum associated with rows and columns is unity ;.
(2) There are I units involving ¢ symmetrical pairs in the dexter diagonal ;
(8) There are m units involving j symmetrical pairs in the sinister diagonal.

Giving ¢ and 7 all possible values we find that the complete coefficient of

0Oy, o s OLgy,
in the product, which we have already ascertained to have the expression
{oa+ 2N+ p) o+ N+ p?}",

may be also expressed in the form

n 7" n—10\ (n—1 m m o n=l=m
=((0) (72 (19 (R )zoimer
< ) 2l 2 <7l/ é'*' 1) / l+ 1) 2m0_1l+m—20_2n-l~m+1

\
(?’) 22 . (n—l> (n l_ 1) 2m-— Z+m~—20_2n-l—m+1
\

+2 M btm—4__ p=l=m+2
2 (o2} (2}

RS

~3

L]

B s B o
~——

9

{

S

N

N

|

O o~

+

[\

~——
TN

3

wN 3“‘

> 2m-'2o_ll+m.-—4o_zn—l~7n+2

)
|
|
|
()t
|
|
|
|

\ } / J
(?_.g) 2. (% é 3) (b wi 3>2m IHW.B 7
( 2
4

) 21-—4 . <n_ +2> <n—l+ 1) 2131— 7+m 60,2n~l~m+3

2)\l— m—2
e (1) e
T [
+... :])\lpm.
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Further simplification of this series cannot be effected because each term of the
sum must be considered on its merits and does or does not add to the numerical

result as may appear.
Art. 142. Writing the result for even order 2n

{o3+2(N+p) oy + N2+ p2}"
= 35F (n, [, m)Np",

it appears that the result for uneven order 2n+1 may be written

{0'2+20""#)0'1'*‘)‘2'*#2}"(0'14’)\#)
=33 {F(n,l,m)+F(n, I—1, m—1)} Np"

For the squares of simple orders we have the results—

ORDER 2. ORDER 3.

l= 0 12 3

S 0] 0 2 0] 0

O
o
—
(==

m =
m =

ORDER 4. ORDER 5.

l= 0 1 2 3 4 5

016 16| 8 4 0 0

1|16 | 20| 4 4 | 0 1

m =
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ORDER 6.
= 0 1 2 3. 4 5 6

08096 |60 |16 | 12| 0 | 1

1196 96 |48 |24 | 0 0 0

2160 |48 (241 O 3 0 0

3116 24| 0 0 0 0 0

4112 0 3 0 0 0 0

6| 1 0 0 0 0 0 0

I
§

Art. 148. I now proceed to consider the enumeration of the squares of even
order 2n, such that every row and column contains two units, and the dexter and
sinister diagonals / and m units respectively.

I form the product

1 2 2n
Y a,®. ..,
where a, is the sum two together of the quantities

Ay, Olgyee -)\as, co Oy 41 —ge e Oy, Oy,

and I seek the coeflicient, a function of X and u, of

(g, ..005,)

in the product.
The coefficient of Au™ in the sought function of X and p is the required number.
Let p,, ps be the sum and the sum two together of the quantities

Oy, Olg,... 0y,
then '
a = ppt {(A=1) o1+ (u—1) g }(P1— 01— 220) + (A — 1) s,

@™ = pyt{(p—1) e+ (A—1) an }(Pr— ot —0a) + (Ap— 1) sz,
whence
AV = (N p—2) (o + 0g,) Popr — (A p—2) (o0 + 2,)* s

+2 (Apn—1) o, 05+ (A —1) o ay,?

O 1) (1) (o) LA 1 (i 1)

—2 (N4 M+ p?— BN —3Bp+ 8) { ayoty, (0 + &) Pr— o0ty }
+(Mp—1) A+ p—2) ez, (0 + 25,) Pr—2 (Ap—1) A+ p—2) a’a,?

+ terms involving powers of a,, a,, above the second.
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Q)

The product of a,", a,*” is thus, after re-arrangement, effectively equivalent to

P+ A+p—2) (a+ay,) popri— (A p—2) (0 +5.7) ps
+2 (A1) (u—=1) ooy, pp+ (A=1) (u—1) (e® + 5 *) i
+{(A=1) + (p—1)"} myers, 1
+{(A ) Ap—=A—p) =N+ p—1) (M p—4)} ooy, (o + z,) o
+{(M=A=p) + (A+p—1) (AN +p—3)} ;"
Regarded apart from p,, p, this expression is a function of «,, &, ; the product
IR
is a function of as, a,,,, and generally the product

6{2(,9)0&2(2”4— 1-s)

is a function of a,, a4y, and all of these products are of similar form in regard to

P2y P1s A, .
Remembering that we desire the coefficients of

2
' (o105 . 0t3,)
in the product
s Pas® ...,

we must distinguish between p, where it occurs as a multiplier of a,®+a,,’ and where
1t occurs as a multiplier of @,a,,, and make a similar distinction in respect of p;®
Put then

040, Py = a0y, 1T,
(0‘12+ “21;2) ]712 = (a12+ 0‘2n2) 1%
Putting further the quantities &« equal to unity and regarding a product
pza Plb 7T2D 77_12fl
as a symbol for the coefficient of symmetric function
(2a+tl1b+2c)
in the development of symmetric function

( 12)a+c ( 1 )b+2zl,
I say that

[P+ 2 (A+p—2) popr—2 N+ p—2) py+2 (A=-1) (p—1) (my+ )
+H{(A=1)+(p=1)"} pi*
2 {(Ap) M =A—p) =M+ p—1) (M p—4)} py
+ (A= A=pf+(A+p—1) M +p—3)]"
is the symbolic expression of the required coefficient, of

2
(“1a2' . -'-1211) .
VOL. CCV,—A., I
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This may be written

{002 (Mt p) oot (N %) 03+ 2hac’s+ 2hn (V) 0 + 0},
where
gy = ]92»2—4}92}914‘4 (232+772)+ 2 (P12+7712)—8291+3;

o5 = Papr—(patm) — (P +77) + 5p—2,
oy = PP —4p, +2,
0'/2 = 772’}'7712— 4]31 + 2,
ag; = _201— 1.
For the uneven order 2n+1 it is easy to show that the coefficient is symbolically
{o+2 (M p) o+ (N + ) 0o+ 2Mnols+ 20 (N ) o+ N2 X ( pa— oy + o).
It is easy to calculate the values of
Pza 2:)1[)77_2671_12[l

for small values of «, b, ¢, d.
Some results are, omitting the obvious result p,’ = b1,

a. | b | ¢ | d. |Value.
1 - 0
e
1 1
o s
- 1 1 3
IRERE 2
1 1 2
2 _“1"- 12
1 2 | 5
- 4 2 6
o 2 6
EREREEE
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enabling the verification of the results
Oy =03=0y= 0 =0, =0,

ol =4, oy00=0, o2=2

Hence for the even order 2 the whole coefficient is Nu? corresponding to the only
possible square

1 1
1 1
and I find for the uneven order 3
N 2+ 20207 (N + ).

Art. 144. To find in general the number of squares which have two units in each
diagonal we find the coeflicient of Mu? and obtain for even order 2n.

<71L> e <g> 0 (205 + 40’ + 160507)

+ @ 0/ 7} (24050, +48070%,) + @ 7960’

putting n = 2 we find for the order 4
20’4+ 20'22+4:0',22+ 160'30"1 = 16,

and the verification of this number is easy.
For the uneven order 2n+1 we obtain the number

( ?) ot 2070+ <g> o/ *8oloy

\

N (1/)2_0_1){(;;) o2 <g> 0_471-2(0_22+ 2072+ 80‘30-1)

+ (g) 0471—324 (0'32(72+ 20’320',2) -+ <Z) 0_4n—4 . 960‘31} .

The general value of
232@ ])lb 7720 77_12{6

may be obtained by means of the calculus of finite differences.

There is no theoretical difficulty in finding symbolical expressions for the enumera-
tion of general magic squares associated with higher numbers, but the method does
not lead to the determination of general magic squares. These must be regarded as
arising from the generating function method of § 9. '

12
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